Introduction
Let { P,(X)} be a family of polynomials P,(x), denoted P,,, of degree exactly equal to n, orthogonal with respect to a positive linear form 2 [1,13]: (9, P,P,) =O, n#m, (L-i?, Pn') =d,Z.
(1)
In some situations described below it will be convenient to assume that 2 is represented by a positive Bore1 measure dp of support I:
Modifications of t_he form 2, and study of the corresponding new family of orthogonal polynomials, say { P,, }, have already been examined since a long time in the following cases.
l S-type modifications (classical type, for instance).
~=~+XS(x-cc), h>O,
where 6(x -c) is the usual Dirac distribution and h is assumed to be positive in order to insure that 2 is still positive definite (A > 0 can of course be weakened).
l Polynomial-type modification.
where l-I(x) is a rational function.
(5)
l Truncated weights p(x).
,ii=
,[
where H(x) is the Heaviside step function:
Modifications of the first type appear in [16] (see also [4, 5, [8] [9] [10] [11] 191 ); polynomial-type modifications were already examined by Christoffel [2, 6, 17, 18] when II(x) is a polynomial and more recently by Ouvarov [16] when IJ( x) is a rational function; truncated weights were met by physicists [12, in several situations and were treated in [l] .
These three new forms 2 can also be interpreted as a sum of two linear forms L?=.S'i +LF* where -Ep, is singular in the first case, and equal to (n(x) -l)P in the second case.
The third case merits some special attention and some comments. The relative positions of ci and di give several configurations for the new weight p, so let us assume first that there exist only two cuts at x = c and x = d with c < d, c and d inside the support (a, b) of p(x).
Two situations appear:
,
p2 for instance can now be interpreted as the sum of two disjoint weights represented by the same function p(x) where the value of p(x) between c and d is reduced to zero [l] .
If the starting weight p (or the corresponding linear form 9) is semiclassical [7, 13] , L? satisfies the functional equation
where I$( x) and q(x) are polynomial in x and where
Equation (9) can also be written as
beand the functional equation for the truncated weight ,!i = H( x -c)p (or p = H( c -x)p), comes [l] (x-c)+D(.S?)+(x-c)(+'+rc/).Y=O, or in the standard form The only exception being the Legendre weight p = 1, a < x < b, which is completely insensitive to a cut at any c inside (a, b).
More generally for an arbitrary number of cuts hidden inside a "cutting polynomial" E(x) = lJ,,,( x -ci)( x -dj), relation (15) becomes:
This shows already that the new family { p,,} remains semiclassical and verifies therefore a second-order linear differential equation [14] . The recurrence coefficients &, and y, can also be obtained for these new polynomials p,. It was shown recently [1, 3] how to write in general ,the nonlinear (&, y,) relations using only the explicit knowledge of 6 and $ given by (18); we write here the recurrence relation in the standard form:
The distinction between the two different families generated by ,Zi and p2 in (7) and (8) 
These detailed comments emphasize therefore the interest of investigating the family of polynomials orthogonal with respect to the sum of two positive linear forms PI and _Z& generalizing the first case where ZI is singular and the third case where the intersecting support of PI and ZZ is empty. The thud case shows also that in several situations the sum of two (or more than two) semiclassical forms are still semiclassical.
Orthogonal polynomials of second category
Let Zi, i = 1, 2, be the positive linear form solution of the semiclassical functional equation
where I/I~ and & are given polynomials in x. The positive form .Y= P't +PZ, defined by (9, P) = ( Zl, P) + ( Yz, P), P any polynomial, verifies in general a second-order functional equation easily obtained by "differentiation" and elimination of 9, and PZ:
Computing one more derivative we obtain This condition is satisfied for the following constraint:
(26)
This generalized Legendre weight corresponds to a sum of two step functions [l] :
But from the fact that 6: + qi = 0 if $: + Gi = 0 in relation (18) (choosing the same cutting polynomial E(x)), we can enlarge the superposition given in (28), cutting each step in the same arbitrary way. 
in which 2 is of course semiclassical. It is not easy anyway to detect this situation and to compute the multiplicative factor R.
Definition. When the second-order functional equation (25) cannot be reduced to a first-order differential equation, we will say that the linear form and the corresponding orthogonal polynomials are of second category. This is the case for example for the weight, -co < x < cc, p=e-xZ+Xe-ax2, A>O, aZ1.
The differential equation (25) (36)
It is interesting to notice, in the spirit of Remark 2, that when a goes to 1 (Hermite case) the differential equation (37) can be written as 
Associated Stieltjes functions
Let us call R(l) the first associated polynomial of R,(x). The relation between S(')(x), the Stieltjes functioi corresponding to the family R',", and S(x) is given by s(x) = 
